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Abstract
This work studies the boundedness and global attractivity for the positive solutions of the difference equation
xn+1 = max
{
c,
x pn
x pn−1
}
, n ∈ N0,
with p, c ∈ (0,∞). It is shown that: (a) there exist unbounded solutions whenever p ≥ 4, (b) all positive solutions are bounded
when p ∈ (0, 4), (c) every positive solution is eventually equal to 1 when p ∈ (0, 4) and c ≥ 1, (d) all positive solutions converge
to 1 whenever p, c ∈ (0, 1).
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1. Introduction
The investigation of the difference equation
xn+1 = max
{
A0
xn
,
A1
xn−1
, . . . ,
Ak
xn−k
}
, n ∈ N0 (1)
where Ai , i = 0, 1, . . . , k, are real numbers such that at least one of them is different from zero and the initial
conditions x0, x−1, . . . , x−k are different from zero was proposed in [6]. The max type operators arise naturally in
certain models in automatic control theory (see [8,9]).
The case k = 1 was thoroughly investigated in [1]. For some generalizations of Eq. (1) for the case k = 1, see [3–5]
and the references therein.
The equation
xn+1 = max
{
A
xn
,
B
xn−2
}
, n ∈ N0 (2)
where A and B are any positive coefficients was investigated in [7]. Using the change yn = xn+1xn/B, Eq. (2)
becomes
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yn+1 = max
{
D,
yn
yn−1
}
(3)
where D = AB−1 > 0.
Among other results in [7] the authors proved the following result:
Theorem A. Let (yn) be a solution of Eq. (3) such that y0 > 0 and y1 > 0; then
D ≤ yn ≤ max
{
D,
1
D
}
, for n ≥ 5.
The proof of Theorem A in [7] is too specific and it is difficult to apply for some other max type equations. In [2]
we extend Theorem A by giving an elegant proof of the following result, which is related to the proof of Theorem 2
in [10].
Theorem B. Every positive solution of
xn+1 = max
{
c,
xn
xn−(k+1)
}
, n ≥ 0. (4)
is bounded. Moreover
c ≤ xn ≤ max
{
c, 1,
1
c
, . . . ,
1
ck+1
}
, for all n ≥ 2k + 4.
Theorems A and B motivate us to investigate the boundedness character of positive solutions of the following
extension of Eq. (3):
xn+1 = max
{
c,
x pn
x pn−1
}
, n ∈ N0, (5)
where c and p are positive numbers.
Our aim here is to give a complete picture as regards the boundedness character of the positive solutions of Eq. (5).
We also present a global stability result for the case p ∈ (0, 1). To the best of our knowledge, this is the first work
devoted to the investigation of the max type difference equations containing non-integer powers.
2. Boundedness character for Eq. (5)
In this section we investigate the boundedness character of the positive solutions of Eq. (5).
2.1. Case p ≥ 4
Here we investigate Eq. (5) for the case p ≥ 4.
Theorem 1. Assume that p ≥ 4. Then Eq. (5) has positive unbounded solutions.
Proof. First, note that for every solution of Eq. (5) the following inequality holds:
xn+1 ≥
(
xn
xn−1
)p
, n ∈ N0. (6)
Let yn = ln xn . Taking the logarithm of (6), it follows that
yn+1 − pyn + pyn−1 ≥ 0, n ∈ N0. (7)
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Notice that the roots of the polynomial
P(λ) = λ2 − pλ+ p
are
λ1,2 = p ±
√
p2 − 4p
2
.
It is clear that if p ≥ 4, then λ1 ≥ 2. On the other hand, we have that
λ2 = 2p
p +√p2 − 4p > 1.
Hence, if p ≥ 4, both roots of P(λ) are greater than 1.
Now note that inequality (7) can be written in the following form:
yn+1 − λ1yn − λ2(yn − λ1yn−1) ≥ 0, n ∈ N0. (8)
Returning to the sequence xn , we obtain
xn+1
xλ1n
≥
(
xn
xλ1n−1
)λ2
, n ∈ N0. (9)
From (9), it follows that
xn
xλ1n−1
≥
(
x0
xλ1−1
)λn2
, n ∈ N0. (10)
Choose x−1 and x0 so that
x0 > 1 and x0 > x
λ1−1.
From (10) and for such chosen initial values, it follows that
xn ≥
(
x0
xλ1−1
)λn2
xλ1n−1 > x
λ1
n−1 > · · · > x
λn1
0 ,
and consequently
xn > x
λn1
0 , n ∈ N. (11)
Letting n →∞ in (11) it follows that
lim
n→∞ xn = +∞,
from which the result follows.
2.2. Case p ∈ (0, 4)
Here we investigate the boundedness character of the positive solutions of Eq. (5) for the case p ∈ (0, 4). The
method that we use here is new and is motivated by the proof of Theorem B in [2].
Theorem 2. Assume that p ∈ (0, 4). Then all positive solutions of Eq. (5) are bounded.
Proof. From Eq. (5), we have that
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xn+1 = max
{
c,
x pn
x pn−1
}
= max
{
c,
(
max
{
c
xn−1
,
x p−1n−1
x pn−2
})p}
= max
c,
max
 cxn−1 ,
 xn−1
x
p
p−1
n−2
p−1


p
= max
c,
max
 cxn−1 ,
max
 c
x
p
p−1
n−2
,
x
p− pp−1
n−2
x pn−3

p−1


p
= max
c,
max

c
xn−1
,
max
 cx pp−1n−2 ,
 xn−2
x
p/(p− pp−1 )
n−3
p−
p
p−1


p−1

p
= · · ·
= max
c,
max
 cxn−1 ,
(
. . . ,
(
max
{
c
x pkn−k
,
x p−pkn−k
x pn−k−1
})p−pk−1
. . .
)p−1
p , (12)
for each k ∈ N and every n ≥ k, where the sequence pk is defined by
pk+1 = pp − pk , p0 = 0.
If p = ps for some s ∈ N, this difference equation defines only s + 1 terms, so that we finish the above procedure
after s steps. If p ≤ p1 = 1, then the first line in (12) implies that xn+1 ≤ max{c, c−p} for n ≥ 3, from which the
result follows in this case.
Assume now that p > 1. Since 0 = p0 < p1 = 1, and the function f (x) = pp−x is strictly increasing on
the interval (0, p), we have that the sequence pk is strictly increasing if pk < p, k ∈ N. If the sequence pk were
nonnegative and bounded, then it would converge, say, to p∗ ≤ p, and it would be a solution of the equation
x2 − px + p = 0.
However, since p ∈ (0, 4), the equation does not have real solutions. Hence, there is a k0 ∈ N such that pk0−1 < p
and pk0 ≥ p. From this and (12) with k = k0, it follows that
xn+1 = max
c,
max
 cxn−1 ,
. . . ,
max
 cx pk0n−k0 ,
1
x
pk0−p
n−k0 x
p
n−k0−1

p−pk0−1 . . .
p−1


p
≤ max
c,
max
1,
(
. . . ,
(
max
{
1
cpk0−1
,
1
cpk0
})p−pk0−1
. . .
)p−1
p , (13)
for n > k0 + 1.
The last expression is an upper bound for the sequence xn , finishing the proof of the theorem.
Corollary 1. Assume that p ∈ (0, 4) and c ≥ 1. Then every positive solution of Eq. (5) is eventually equal to 1.
Proof. From (13), we have that
c ≤ xn ≤ max
{
c,
1
cpk0
∏k0−1
j=0 (p−p j )
}
.
From this and since c ≥ 1, it follows that xn = c, for sufficiently large n, as desired.
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3. Global stability for the case p ∈ (0, 1)
In this section we study the global stability of the positive solutions of Eq. (5) for the case p ∈ (0, 1). The main
result of this section is the following.
Theorem 3. Assume that p ∈ (0, 1) and c ∈ (0, 1). Then the positive equilibrium x¯ = 1 of Eq. (5) is globally stable.
Proof. From the proof of Theorem 2, we have that
xn+1 = max
{
c,
x pn
x pn−1
}
(14)
= max
{
c,
cp
x pn−1
,
1
(x1−pn−1 x
p
n−2)p
}
. (15)
From (15) and since xn ≥ c for n ≥ 1, we have that
c ≤ xn+1 ≤ max
{
c, 1,
1
cp
}
= 1
cp
, n ≥ 3. (16)
Now, note that Eq. (5) can be written in the following form:
xn+1
xn
= max
{
c
xn
,
1
x1−pn x pn−1
}
. (17)
From (16) and (17), it follows that
cp ≤ xn+1
xn
≤ 1
c
, n ≥ 5. (18)
In view of (14) and (18), we have that
cp
2 ≤ xn+1 ≤ 1cp , n ≥ 6. (19)
Employing (19) in (17), we obtain
cp ≤ xn+1
xn
≤ 1
cp2
, n ≥ 8. (20)
Further, (20) and (14) give
cp
2 ≤ xn+1 ≤ 1
cp3
, n ≥ 9. (21)
Repeating this procedure and by induction, we obtain
cp
2k ≤ xn+1 ≤ 1
cp2k+1
, n ≥ 6k + 3 (22)
and
cp
2k+2 ≤ xn+1 ≤ 1
cp2k+1
, n ≥ 6k + 6. (23)
From (22) and (23), and since pk → 0 as k →∞, we obtain the result.
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